In this paper, an analytical solution for an infinite strip having an eccentrically located circular hole is given when the strip is subjected to a pair of side pressures. The solution is based on an approach involving Papcovich-Neuber displacement potentials and deduced using the simple forms of Cartesian and cylindrical harmonics. The boundary conditions on both sides of the strip and around the hole are completely satisfied with the aid of the relations between the Cartesian and cylindrical harmonics. The solution is shown in a graph, and the effect of the eccentric hole on the stress distribution is clarified.
Introduction
The presence of a defect in a material leads to a stress concentration that may cause either plastic deformation or cracking. Therefore, it is very important to know stresses in engineering design. Stress concentration problems have been addressed by many researchers (1) - (6) . The stress concentration factor tends to increase when an elastic body has an unsymmetrically or eccentrically located defect. Thus, the stress concentration caused by an eccentric defect must also be clarified to retain a sufficient strength. Few research studies (3) , (7) - (11) have been performed for these problems since eccentricity makes an analysis more complex. Such an unsymmetric problem is practically important, and further analysis is expected in engineering design.
In this paper, a solution for an elastic strip having an eccentrically located circular hole is given when the strip is subjected to a pair of side pressures. An analytical method is developed on the basis of a harmonic displacement potential approach. The solution is deduced using the simple forms of Cartesian and cylindrical harmonics in an infinite series and an infinite integral form. The boundary conditions for the strip are satisfied using the relations between the Cartesian and cylindrical harmonics. Several numerical examples are given to show the stress concentration due to the eccentrically located circular hole.
Method of Solution
Consider the infinite elastic strip having an eccentrically located hole shown in Fig. 1 . Let the origin of coordinates be at the center of the hole and the x-axis be normal to the edge of the strip. Figure 1 shows the Cartesian coordinates (x,y) and cylindrical coordinates (r,θ). The halfwidth of the strip is considered as a unit length. Therefore, without any loss in generality, x, y and r are regarded as dimensionless quantities by referring to a typical width of the strip, and we denote the radius of the hole by r = a, both sides of the strip by x = 1 − b and x = −1 − b, where b is eccentricity. The uniform pressure p 0 acting in the region 2c in length is applied to both sides of the strip as shown in Fig. 1 . The governing differential equations, representing equilibrium equations in terms of displacements (u,v) , are
where
2 is Laplacian and κ = 3−4ν (for plane strain) or κ = (3 − ν)/(1 + ν) (for plane stress), where ν is Poisson's ratio.
Following Papcovich and Neuber, the displacements can be expressed in terms of the harmonic displacement potentials ϕ 0 and ϕ 1 as (12) , (13) 
where G is the shear modulus, ∇ 2 ϕ 0 = 0 and ∇ 2 ϕ 1 = 0. Equations (2) and (3) can be expressed in the following cylindrical coordinates:
The boundary conditions of the present problem are as follows: ( i ) Normal stress must be equal to the external pressure p 0 or zero, and shear stress must be free on both sides of the strip x = 1 − b and
( ii ) Normal and shear stresses around the hole r = a must be free; σ r p 0 r=a = 0,
(iii) All the displacements and stresses must vanish at infinity.
In deriving the required displacement potentials, we should consider that the elastic body consists of the common region of two simply connected domains, i.e., the domain of a strip and that of an infinite body excluding a hole, and we should use the two groups of potentials, namely, those without singularities in the strip and those with singularities at the center of the hole.
Such potentials are expressed by the following cylindrical harmonics and Cartesian harmonics:
[II]
where A n and B n are unknown constants, and ψ 1 (λ), ψ 2 (λ), ψ 3 (λ) and ψ 4 (λ) are unknown functions. 
[I]2
1 Boundary conditions on both sides of strip
To satisfy the boundary conditions on both sides of the strip, we employ the following transformation formula of harmonic functions:
If we rewrite displacement potential [I]2 into the sum of odd and even orders of r, i.e.,
we obtain displacement potentials [I] using relations (11) in the following Cartesian coordinates:
On the other hand, we have no formula expressing displacement potential [I]1 in the Cartesian form. Now, after calculating stress components using [I]1 in cylindrical coordinates and then transforming them into the Cartesian form, we can obtain the following stress components in Cartesian coordinates:
To satisfy the boundary conditions on both sides of the strip, we derive stress components from potentials [II] and [III] . Next, adding the stress components expressed by Eq. (14) to them, we obtain
τ xy
Applying the inverse Fourier transforms to Eqs. (15) - (18), we determine the unknown functions ψ 1 (λ) ∼ ψ 4 (λ) to be
2λ − sinh2λ
Equations (19) 
the resulting expansion is expressed as
[IV]
× 2bλ(2λ + cosh2bλsinh2λ)
× 8bλ 2 (κ − cosh2λcosh2bλ)
If we use the following integral functions, which are similar to Howland's integrals (3) ,
we can transform the integrals Eqs. (27) -(33) into
F n and G n in Eqs. (26), (28), (30) and (32), which originate from the side pressure p 0 , are expressed as
Deriving the stresses from the potential functions given by [II] and [IV] and satisfying the boundary conditions expressed by Eq. (6), we obtain two sets of equations for determining the unknown constants A n and B n .
( i ) Normal stress around the hole must be free ((σ r /p 0 ) r=a = 0);
( ii ) Shear stress around the hole must be free ((τ rθ /p 0 ) r=a = 0);
To confirm the validity of the present method, we compare our numerical results with those of FEM. In the FEM analysis, a four-node isoparametric element is employed, and the strip is divided into 1 348 elements. First, consider the effects of the eccentricity b on the hoop stress σ θ around the circular hole. Figures 4 -6 show the variations in σ θ around the hole with θ (see Fig. 1 ) for c = 0.5 and a = 0.2, 0.4 and 0.6. As expected, the eccen- tricity b has a small effect on the stress σ θ around the hole when the radius a is small and a large effect when a is large. When a is small, the compressive stress σ θ is maximum at the neighborhood of the pole of the hole, indicating that σ θ is not markedly affected by b. When b is large, σ θ is maximum at the deviated position towards point C (see Fig. 1 ) from point A. Figure 7 shows the variations in σ θ around the hole with θ for a = 0.4. Tensile stress at point A is weakly affected by the length of the load c; however, it is strongly affected by the eccentricity b. The maximum compressive stress along the hole is affected by both b and c. Figures 8 and 9 show the variations in σ y with x for c = 0.5, a = 0.2 and c = 0.5, a = 0.4 on the x-axis. The compressive stress on the right-hand side of the strip increases with b.
From the practical viewpoint of mechanical design, it may be more useful to evaluate the stresses at points A, B and C than to evaluate the above-mentioned stress components. Thus, we define the stresses at points A, B and C as (σ y ) A (= (σ y ) x=a,y=0 ), (σ y ) B (= (σ y ) x=1,y=0 ) and (σ x ) C (= (σ x ) x=0,y=a ), respectively as shown in Fig. 10 . Figures 11 -13 show the variations in (σ y ) A , (σ y ) B and (σ x ) C with the hole radius a for c = 0.5 and 1.0. The stresses (σ y ) A and (σ y ) B are caused by the bending of the ligament of the strip and fairy affected by the hole size a. On the other hand, the compressive stress (σ x ) A is insensitive to the hole size a. 
Conclusion
In this study, we developed a method of solving unsymmetric problem of an infinite strip having an eccentric circular hole when the strip was subjected to side pressures. Following an analysis, we carried out some numerical calculations for an eccentric hole, showing the stress distributions around the hole and the effects of eccentricity on stress concentration.
On the basis of the preceding presentation, the following conclusions are drawn:
( 1 ) The tensile stress around the circular hole is maximum at position A (see Fig. 1 ) and the compressive stress is maximum at the deviated position towards point C from point A when b is large.
( 2 ) The effect of the eccentricity b is stronger when the hole radius a is large. The authors wish to express their gratitude to Prof. Emeritus M. Ueno of Ibaraki National College Technology for encouragement in the preparation of this paper.
